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We calculate the spectrum of density fluctuations in models of inflation based on a weakly self-
coupled scalar matter field minimally coupled to gravity, and specifically investigate the dependence
of the predictions on modifications of the physics on length scales smaller than the Planck length.
These modifications are encoded in terms of modified dispersion relations. Whereas for some classes
of dispersion relations the predictions are unchanged compared to the usual ones which are based
on a linear dispersion relation, for other classes important differences are obtained, involving tilted
spectra, spectra with exponential factors and with oscillations. This is the case when the dispersion
relation becomes complex. We conclude that the predictions of inflationary cosmology in these
models are not robust against changes in the super-Planck-scale physics.
PACS numbers: 98.80.Cq, 98.70.Vc
I. INTRODUCTION
Most current models of inflation [1] are based on
weakly self-coupled scalar matter fields minimally cou-
pled to gravity. In most of these models, the period of
inflation lasts for a number of e-foldings much larger than
the number needed to solve the problems of standard
cosmology [2]. In these cases, the physical length of per-
turbations of cosmological interest today (those which
today correspond to the observed CMB anisotropies and
to the large-scale structure) was much smaller than the
Planck length at the beginning of inflation. Hence, the
approximations which go into the calculation of the spec-
trum of cosmological perturbations [3] break down. It is
then of interest to investigate whether the predictions are
sensitive to the unknown super-Planck-scale physics, or
whether the resulting spectrum of perturbations is deter-
mined only by infrared physics.
An analogous problem arises for black hole evapora-
tion. The original computations of the thermal spectrum
from black holes [4] appear to involve mode matching at
super-Planck scales. However, in the case of black holes
it can be shown [5–8] that the predictions are in fact in-
sensitive to modifications of the physics at the ultraviolet
end.
Our goal is to explore whether and in which cases the
spectrum of fluctuations resulting from inflationary cos-
mology depends on the unknown ultraviolet physics. We
will adapt the method of [5,8] and consider theories ob-
tained by replacing the linear dispersion relation for the
linearized fluctuation equations by classes of nonlinear
dispersion relations. We find that for the class of dis-
persion relations introduced by Unruh [5] one recovers
a scale-invariant spectrum of fluctuations in the case of
exponential inflation. In contrast, for the class of disper-
sion relations modelled after the one introduced in [8],
the resulting spectrum may be tilted and may include
exponential and oscillatory factors if the dispersion re-
lation becomes complex. Such spectra are inconsistent
with observations. We thus conclude that the predictions
for observables in weakly coupled scalar field models of
inflation depend sensitively on hidden assumptions about
super-Planck-scale physics.
II. FRAMEWORK
We will consider the evolution of linear cosmological
fluctuations in a spatially flat homogeneous and isotropic
Universe. As is well known (see e.g. [9] for a comprehen-
sive review), the evolution equation of scalar and tensor
fluctuations in conformal time η reduces to harmonic os-
cillator equations with time dependent masses. In the
following, we will therefore simply consider the evolu-
tion of a scalar field Φ(η,x) living on space-time. In-
troducing µ(n, η) via the Fourier transform Φ(η,x) ≡
[1/(2pi)3/2]
∫
dn(µ/a)ein·x [where a(η) is the scale fac-
tor], the evolution equation of the mode with a comoving
wavenumber n becomes
µ′′ +
[
n2 − a
′′
a
]
µ = 0 . (1)
The corresponding power spectrum PΦ(n) is given by
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FIG. 1. Sketch of the different dispersion relations.
n3PΦ = n
3
∣∣∣∣µa
∣∣∣∣
2
. (2)
In order to study the dependence of the predictions
for PΦ on super-Planck-scale physics, we will modify the
linear dispersion relation ω2p = k
2 = (n/a)2 (where ωp is
the physical frequency) for wavenumbers greater than a
critical wavenumber kC by replacing the n
2 term in (1)
with
n2eff = a
2(η)F 2(k) = a2(η)F 2[n/a(η)] , (3)
where F (k) differs significantly from k only for k > kC.
We see that, in terms of comoving wavenumbers, we ob-
tain a time dependent dispersion relation.
The two classes of dispersion relations we specifically
analyze are the one proposed by Unruh [5] and a gener-
alization of the one studied by Corley and Jacobson [8].
The first class is given by
F (k) ≡ kC tanh1/p
[(
k
kC
)p]
, (4)
where p is an arbitrary coefficient. For large values of
the wave number, this becomes a constant kC whereas
for small values this is a linear law as expected. The
second class of dispersion relations is given by
F 2(k) = k2 + k2bm
(
k
kC
)2m
, (5)
where m is an integer and the coefficients bm are at this
stage arbitrary. Note that for negative bm the dispersion
relation becomes complex for k ≫ kC. The dispersion
relations are shown in Fig. 1.
In order to compute the power spectrum PΦ(n) of (2)
we need to know both the initial conditions for the mode
µ(n, η) and the subsequent evolution. We first discuss
the initial conditions. We want the state at the initial
time ηi to correspond as closely as possible to our usual
physical intuition of a vacuum state. We here study two
prescriptions for this. The first is to canonically quan-
tize the field µ(n, η) and to demand that the initial state
minimizes the energy [10]. The second is to set the state
up in the local Minkowski vacuum [11]. In the case of
a linear dispersion relation, both prescriptions give the
same result. However, for a nonlinear dispersion rela-
tion, we obtain different results (which emphasizes the
general point that the predictions of inflationary cosmol-
ogy depend on the initial state chosen [12]).
Demanding that the initial state minimize the energy
yields [13]
µ(η = ηi) =
1√
2ω(ηi)
, µ′(η = ηi) = ±i
√
ω(ηi)
2
, (6)
where ω is the comoving frequency, whereas prescribing
the local Minkowski vacuum state gives
µ(ηi) =
1√
2n
, µ′(ηi) = ±i
√
n
2
. (7)
As is apparent from (1), in the case of a linear dispersion
relation ω = n and the two prescriptions for the initial
state coincide. It should be clear that the choice (6) is
certainly the most physical one. The second choice, as
mentioned above, illustrates the fact that the final result
does depend on the initial conditions.
III. CALCULATION OF SPECTRA
We now compute the power spectrum PΦ(n) for values
of n with wavenumbers larger than kC at the initial time
ηi. On such scales, the time interval can be divided into
three regions. The first is ηi < η < η1(n), during which
the physical wavenumber exceeds kC. During this time
interval, the mode evolution is non-standard. The second
interval lasts from the time η1(n) to the time η2(n) when
the wavelength equals the Hubble radius lH. During this
time, the solutions of the mode equation (1) are oscilla-
tory since the n2 term in the parentheses in (1) dominates
over the a′′/a term. In the third period [η > η2(n)], the
modes are effectively frozen: the non-decaying solution
of the mode equation is µ(η) ∼ a(η).
The values of η1 and η2 depend on the background
evolution. For a power-law inflation model with a(η) =
l0|η|1+β , where β is a number with β ≤ −2 ∗ and l0 has
∗The value β = −2 corresponds to exponential inflation.
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the dimension of a length, the values of η1 and η2 are
given by
|η1(n)| =
(
n
2pi
lC
l0
)1/(1+β)
|bm|1/[2m(1+β)] , (8)
|η2(n)| = 2pi
n
|1 + β| , (9)
where lC is the wavelength corresponding to kC. By com-
bining the above formula for a(η) with (8), it follows that
a[η2(n)]
−2 ∼ n2+2β . (10)
Assuming that the non-decaying modes mix with coeffi-
cients of order unity at the times η1 and η2, then based
on the above observations about the time dependence of
µ(n, η) in the various time intervals, we obtain the fol-
lowing ‘master formula’ for the power spectrum at late
times:
n3PΦ(n) ∼ n
3
2ω(ηi)
∣∣∣∣µ[n, η1(n)]µ(n, ηi)
∣∣∣∣
2
a[η2(n)]
−2 . (11)
This result is true if the initial state minimizes the en-
ergy density. If the initial state is taken to be the local
Minkowski vacuum, then ω(ηi) on the r.h.s. of (11) needs
to be replaced by n.
In the case of the linear dispersion relation, µ(n, η)
also oscillates during the first time interval ηi < η <
η1(n). Since in this case ω(ηi) ∼ n, we immediately ob-
tain
n3PΦ(n) ∼ n4+2β , (12)
the ‘standard’ prediction of inflationary cosmology.
In the case of Unruh’s dispersion relation, the
mode equation can be solved exactly during the first time
interval in the case of exponential inflation (β = −2):
µ(n, η) = A1|η|x1 +A2|η|x2 , (13)
where A1 and A2 are two constant determined by the
initial conditions and where the exponents x1 and x2 are
given by
x1,2 ≡ 1
2
± 1
2
√
9− 16pi2 l
2
0
l2C
. (14)
Note that both modes are decaying (|µ| ∼ η1/2 and |η| →
0). Since η1 depends on n as given in (8), we have
µ[n, η1(n)]
µ(n, ηi)
∼ n−1/2 . (15)
Since for the minimum energy density initial state
µ(n, ηi) is independent of n in the wavelength interval
under consideration, we obtain
n3PΦ(n) ∼ n0 , (16)
i.e. the same scale-invariant spectrum as in the case of
the linear dispersion relation.
In the case of the Corley/Jacobson dispersion re-
lation the result is quite different. Let us consider the
case bm < 0 (complex dispersion relation). Then, in the
wavelength regime λ(ηi)≪ lC of interest, the mode equa-
tion in the first time interval can be solved exactly in
terms of modified Bessel functions
µ(n, η) ∼ |η|1/2I1/(2b)(z) ∼ |η|1/2[z(η)]−1/2ez(η) , (17)
where the argument of the Bessel function is z(η) ≡ γ|η|b
with
b ≡ 1−m(1 + β), γ ≡
√
|bm|
(2pi)mb
(
lC
l0
)m
nm+1 . (18)
Note, in particular, the exponential factor in (17) which
depends on n. This factor does not cancel with any other
n-dependent term in (11) and is thus the root of the
exponential dependence of the final power spectrum on
n. Combining (11), (6), (10) and (17) we obtain
n3PΦ(n) ∼ n3n−1−mnme2z[η1(n)]n2+2β
∼ n4+2βe2z[η1(n)] , (19)
where the second factor on the r.h.s. of the first line
comes from ω(ηi), the third and fourth factors stem from
the ratio of µ, and the final factor from the a(η2) term in
(11). The careful matching between growing and decay-
ing modes also reveals [13] the presence of an oscillating
factor cos2(nη2−nη1−pi/4) in the final power spectrum.
However, it should also be noticed that the initial condi-
tions are fixed in a region where the mode function does
not oscillate.
In the case of the Corley-Jacobson dispersion relation
with bm > 0, the modified Bessel functions in the mode
equation during the first time interval must be replaced
by regular Bessel functions. Hence, the exponential fac-
tors in the power spectrum disappear and the final result
is unchanged, i.e. we recover a scale invariant spectrum.
IV. DISCUSSION AND CONCLUSIONS
We have studied the robustness of the predictions for
the spectrum of cosmological perturbations of weakly
coupled inflationary models. The method used was to
replace the usual linear dispersion relation by special
classes of nonlinear ones, where the nonlinearity is con-
fined to physical wavelengths λ smaller than some critical
length lC. We found that for the class of dispersion re-
lations first introduced by Unruh [5], the predictions are
unchanged. This is connected with the fact that the ini-
tial vacuum state evolves adiabatically up to the time η1
when λ = lC
†. However, in the case of the dispersion
†We thank Bill Unruh for pointing this connection out to us.
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TABLE I. Spectra for different dispersion relations and different initial conditions. The function B¯(n) is a complicated
oscillatory functions which can be found in Ref. [13].
Dispersion Relation Initial Conditions Spectrum n3PΦ
Unchanged (ω = k) Minimizing energy=Minkowski n2β+4
Unruh (β = −2) Minimizing energy n0
Unruh (β = −2) Minkowski n−1 cos2
(
2π
ǫ
+ 2π
ǫ
ln
∣∣∣∣ 2πnηi
∣∣∣∣
)
Jacobson/Corley (bm < 0) Minimizing energy n
2β+4eAn
m+1
cos2
[
2pi|1 + β| −
(
ǫ
2π
) 1
1+β
n
2+β
1+β − π
4
]
Jacobson/Corley (bm < 0) Minkowski n
2β+4+meAn
m+1
cos2
[
2pi|1 + β| −
(
ǫ
2π
) 1
1+β
n
2+β
1+β − π
4
]
Jacobson/Corley (bm > 0) Minimizing energy n
2β+4
Jacobson/Corley (bm > 0) Minkowski n
2β+4+m|B¯(n)|2
relation modelled after the one used by Corley and Ja-
cobson [8] in the situation where it becomes complex, the
resulting spectrum can have oscillations, non-standard
tilts and exponential factors which render the resulting
theory in conflict with observations. The specific predic-
tions depend on the sign of bm, on the value of m, and
on the initial state chosen. The results are summarized
in Table 1.
We thus conclude that the predictions in weakly cou-
pled scalar field-driven inflationary models are not robust
to changes in the unknown fundamental physics on sub-
Planck lengths. This opens up another potentially very
interesting link between fundamental physics and obser-
vations. Note, however, that in strongly coupled scalar
field models of inflation such as the model discussed in
[14], the spectrum of fluctuations is robust to changes in
the underlying sub-Planck-length physics.
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